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Abstract 

We consider a gradient flow related to the mean field type equa- 
tion. First, we show that this flow exists for all time. Next, we prove 
a compactness result for this flow allowing us to get, under suitable 
hypothesis on its energy, the convergence of the flow to a solution of 
the mean field type equation. We also get a divergence result if the 
energy of the initial data is largely negative. 
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0.1 Introduction 

Let (M, g) be a compact riemannian surface without boundary, we will study 
an evolution problem associated to a mean field type equation : 

- AV + Q = P T^4V- (CU) 

where p is a real number, Q G C°° (M) is a given function such that / QdV = 

J M 

p and A is the Laplacian with respect to the metric g. Equation ()0.ip is 
equivalent to the mean field equation : 

where \M\ stands for the volume of M with respect to the metric g and 
/ G C°°{M) is a function supposed positive. Indeed, if v is a solution of 
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(jO.ip . by setting v = u + log/, we recover that u is a solution of (j0.2|) with 
Q = |-^7 + A log/. The mean field equation appears in conformal geome- 
try but also in statistic mechanic from Onsager's vortex model for turbulent 
Euler flows. More precisely, in this setting, the solution u of the mean field 
equation is the stream function in the infinite vortex limit (see [S]). It also 
arises in the abelian Chern-Simons-Higgs model (see for example [8], |17| . 

EU, ESI). 



Equation fj0-2|) has a variational structure and its solutions can be found 
as the critical points of the following functional : 

I p (u) = \ I \Vu\ 2 dV + / udV - plog ( [ fe u dv) , u G H l {M). 

1 JM \ M I JM \JM J 

(0-3) 

When p < 8tt, from the Moser-Trudinger's inequality, one can easily prove 
that the functional I p is bounded from below and coercive ; thus one can 
find solution of (|0.2p by minimizing I p . Existence of solutions becomes more 
delicate if p > 8tt. When p = 8ir, I p admits a lower bound and isn't anymore 
coercive and when p > 8tt, I p is unbounded from below and above. Exis- 
tence of solutions of equation (|0.ip has been widely studied this last decades. 
Many partial existence results have been obtained if p ^ 8fc7r, k G N*, and 
according to the Euler characteristic of M (see for example [6], jlOj . |12j . 
[20], EI], [23], [303). Finally, when p / 8/cvr, k G N*, Djadli EE] has general- 
ized the previous results establishing the existence of solution for all surfaces 
M by studying the topology of sublevels {I p < —C} to achieve a min-max 
scheme (already introduced in Djadli-Malchioldi [14j). 



In this paper, we consider the evolution problem associated to equation 
O.ip . that is the following equation 

a e v = Av _ Q + p _ 



31 ^ " ' "J M *>dV (0.4) 
v(x,0) = v (x), 

where v G C 2+a (M), a G (0, 1), is the initial data and Q G C°°(M) is a 



given function such that / QdV = p. It is a gradient flow with respect to 

JM 

the following functional which will be called energy : 

J p ( v ) = I f \Vv\ 2 dV+ [ Qv{t)dV-phx[ f e"dV) , v G H l (M). (0.5) 
2 J M J M \J M J 

This functional is unbounded from below (except in the case p < 8tt) and 
above. The interest of this flow is that it satisfies some important geomet- 
rical properties useful for its convergence (see in particular estimate (|3.2p 
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of Section 3). When Q is a constant equal to the scalar curvature of M 
with respect to the metric g, the flow (|0.4I) (normalized) has been studied 

by Struwe |28| (we notice that in this case p = / QdV < 8ir). For others 

Jm 

curvature flows, we refer to [2], [3], @], [5], pi], [T5], [21], [26], [29] and the 

references therein. 

We begin by studying the global existence of the flow (|0.4p . We prove the 
following theorem : 

Theorem 0.1. For all initial data v G C 2+a (M), a G (0, 1), all p G R and 



all function Q G C°°(M) such that / QdV = p, there exists a unique global 

solution v G C^ Q,1+f (M x [0, +oo)) of (lQ~4l) . 

Next, we investigate the convergence of the flow. We denote v(t) : M — > 
R the function defined by v(t)(x) = v(x,t). We will show that if the energy 
J p (v(t)) of the global solution is bounded from below uniformly in time 
(when p > 8tt) then v(t) converges when t — > +oo to a function Voo solution 
of equation (jO.ip . More precisely, we have : 



Theorem 0.2. Let v(t) be the solution of (JOT 

(i) If p < 8ir, then v{t) converges in H 2 (M) to a function Voo G C°°(M) 
solution of 

(ii) If p > 8ir, p 7^ 8/c7r ; k G N* and if there exists a constant C > not 
depending on t such that, for all t > 0, 

J P (v(t)) > -C, (0.6) 

then v(t) converges in H 2 (M) to a function G C°°(M) solution of 

-At>oo + Q = p 



f M e^dV 



Moreover, we will prove that there exist initial data vq G C°°(M) such 
that the energy of the global solution v{t) of the flow, with v(0)(x) = vq(x) 
for all x G M, stays uniformly bounded from below hence, thanks to Theorem 
0.21 such that the flow converges. 



Theorem 0.3. Let p / 8kir, k G N*. There exist initial data v G C°°(M) 
such that the global solution v{t) of j^.^[ ) with v(x, 0) = vq{x), for all x G M , 
satisfies f|0 .6[) i.e. such that the global solution v(t) of ft0.4\ ) with v(x,0) = 
vq(x), for all x G M , converges in H 2 (M) to a function G C°°(M) 
solution of the equation ()0.ip 
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Finally, we will show that if the energy of the initial data vq of (|0.4[) is 
largely negative then the flow diverges when t — > +00. 

Theorem 0.4. Let p E (8kir,8(k + l)ir) (k > 1). Then, there exists a 
constant C > depending on M,Q and p such that for all vo G C 2+a {M) 
satisfying J p (vq) < — C, then the global solution v(t) of flO.^[ ) with v(x,0) = 
vq(x), for all x G M , satisfies J p (v(t)) — > —00. 

n— >+oo 

In order to prove the previous convergence results, we study the com- 
pactness property of solutions (v n ) n C H 2 (M) of the following perturbed 
elliptic mean field type equation : 

- Av n = Q + h n e v " + pe v », (0.7) 

where p > 0, Qo G C°(M) is a given function and (h n ) n C C°(M). In fact, in 
what follows, the sequence (v n ) n C H 2 (M) is said compact if it is uniformly 
bounded in H 2 (M). The term h n corresponds to the parabolic term of (|0.4j) . 
We also assume that there exists a constant C > not depending on n such 
that 

' (i) lim / /i^w = o, 

n->+<xJ M (0.8) 
(it) /i n (x)e^W + pe""^) > -C, Vx G M, Vn > 0. 

We will see that these conditions are satisfied by the solution of the flow 
(|0.4p . We obtain the following compactness result : 

Theorem 0.5. Let (v n ) n C H 2 (M) be a sequence of solutions of f|0 . T[) such 



that I e v "dV = 1, Vn > 0, and satisfying conditions (|0.8f> . Then, we have 
Jm 

the following alternative : 

- Either, there exists a constant C not depending on n such that 

\\ v n\\m(M) ^ C' Vn G N, 

- or, up to a subsequence, there exist k sequences of points (x* ) n , . . . , (xjjj n 
with 1 < k < [— ] (where [— ] stands for the integer part of — ), and k se- 
quences of real positive numbers (i?*) n , . . . , {R^)n satisfying the following 
properties 

(i) 

lim / e Vn dV= — , Vt G {l,...,k}. (0.9) 

n->+ooJ B (xi) p 



where B 2 Ri (x^) stands for the geodesic ball of center x l n and radius 2R l n . 
(ii) 

R " 0, Vi^je {1,..., fe}i/ 1, 



fll _^ 0, if k = 1, (0.10) 
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where \x % n — x- n \ stands for the geodesic distance from x l n to x J n with respect 

to the metric g. 

(Hi) 



lim / e Vn dV = 0. 

n^+oc J M \[f i=1 B 2Rii {xi) 

The compactness of solutions of (|U.7p when p ^ 8kir, k G N*, is an 
immediate consequence of Theorem 10.51 



Corollary 0.1. Let (v n ) n C H 2 (M) be a sequence of solutions of HO. 7]) such 

that / e Vn dV = 1, Vn > 0, and satisfying ([08]). If p ^ 8kir, k <E W , then 
Jm 

there exists a constant C not depending on n such that 



l^ll_ff 2 (M) 



< c. 



Corollary 10.11 generalizes the result of Li |20j where the function h n is 
equal to zero. Due to the term h n e Vn , the methods used in Li |20| are not 
adapted anymore, therefore we will rely on integral estimates in the spirit of 
Malchiodi [22]. 

The paper is organised as follows : in Section 1, we prove the global 
existence of solution of (|0,4p . We also show the continuity of the flow with 
respect to its initial data. In Section 2, we study the compactness property 
of (v n ) n C H 2 (M) solution of (|0.7p . We first show that we have the following 
alternative : either (v n ) n is compact or some blow-up phenomena for (v n ) n 
appear. Next we establish the asymptotic profil of (v n ) n near a blow-up. 
Then we prove an integral Harnack type inequality which will allow us to 
obtain estimates (i),(ii) and (Hi) of Theorem 10.51 Corollary 10.11 is an im- 
mediate consequence of Theorem 10.51 since if we assume that we are in the 
second alternative of Theorem 10.51 then it follows that 



1 = / e Vn dV — > . 

Jm n-++oc p 

Therefore, we deduce that if p ^ 8kir, k G N*, the concentration phenomena 
can't appear and, thereby, that the sequence (v n ) n C H 2 (M) is compact. 
In Section 3, we study the convergence of the flow (|0.4|) . We begin by proving 
Theorem l0.2l We first show that the global solution v(t) of (|0.4p is uniformly 
(with respect to t) bounded in i^ 1 (M) when v(t) satisfies condition (|0.6p . 
The proof involves the compactness result obtained in Corollary 10.11 We 
point out that, when p < 8tt, condition fj0.6|) is always satisfied. Then, we 

dv(t) 

show that the parabolic term of (|0.4p . ^ ; tends to when t — > +oo in 

L 2 (M) norm with respect to the metric gi(t) = e v ^g. This implies that 
v(t) is uniformly bounded in H 2 (M). Next we prove Theorem 10.31 i.e. there 



5 



exists initial data in C°°(M) such that condition (j0.6|) is satisfied. Our proof 
is based on the study of the topology of the level set 

{v£X : J p ( v )<-L}, 

where X is the space of C°°(M) functions endowed with the C 2+a (M) norm, 
a G (0, 1). The end of Section 3 is devoted to the proof of Theorem IU.41 



1 Global existence of the flow. 

We begin by noticing that, since the flow is parabolic, standard methods (see 
for example [JS]) provide short time existence. Thus, there exists T\ > such 
that v G C 2+a,1+ f (M x [0,Ti]) is a solution of flOl}. We will give two basic 
properties of the flow : the conservation of the volume of M endowed with 
the metric gi(t) = e v ^> g and the decreasing, along the flow, of the functional 
J p (v(t)). 

Proposition 1.1. (i) For all t G [0, T\], we have 

e v ®dV= [ e vo dV. (1.1) 

M JM 
(ii) If < to < ti < T\, we have : 

J p (v(h)) ^ J P (v(t )). (1.2) 

Proof. To see that (jl.ip holds, it is sufficient to integrate (j0.4|) on M. Differ- 
entiating J p (v(t)) with respect to t and integrating by parts, one finds, for 
all t G [0,Ti], 

» J(( , (1)) ._/(« ! *a (i,) 



This implies ([0}. □ 

1.1 Proof of Theorem lOTTl 

To prove the global existence of the flow, we set 

T = sup {T > : 3v G C 2+a ' 1+ ^(M x [0,T]) solution of flOU)} , 

and suppose that T < +oo. From the definition of T, we have v G C loc ' 2 (Mx 
[0,T)). We will show that there exists a constant Ct > depending on T, 
M, Q, p and ||fo II c 2 + a (M) sucn that 

IMI C 2+«,i+f (Mx[0)T)) < Ct- (1-4) 



C) 



This estimate allows us to extend v beyond T, contradicting the definition 
of T. 

In the following, C will denote constants depending on M, Q, p and 
||^o|Ic2+«(m) an d Ct the ones depending on M, Q, p, \\vo\\c 2 +°>(M) an( ^ ^ ■ 

Proposition 1.2. For all p G R, there exists a constant Ct such that 

\Ht)\\ Hl{M) < Or, Vte [0,T). (1.5) 

Moreover, if p < 8tt, there exists a constant C not depending on T such that 

\\v(t)\\ m{M) <C, Vt€[0,T). (1.6) 

Proof. We will decompose the proof into three steps. 
Step 1. Let p > 8tt. There exists a constant Ct such that 

v{x,t) < C T , Vx G M, Vt G [0,T). (1.7) 

Proof of Step 1. We define u max (i) = max u (x, t). By the maximum principle 
and since u satisfies equation (|0.4j) . we find 

i/.™W < g f lion , lM eV ° dV , iwftA 

where we use that / e^cZV = / e v °dV, for all t G [0, T). Integrating this 

Jm Jm 
last inequality, between and t, we get 

e v -U+\\QL~(M) ! ~ M ^ < (e v - {0) + \\Qh~ {M) ^^-) elM^V 



P V y ' P 

Hence (|1.7p follows. 

Step 2. Let p > 8ir. There exists a subset A of M , with volume \A\ > Ct 
and a constant 5 depending on M, Q, p, \\vo\\ C 2+ a ( M ) and T such that 

\v(x,t)\ < 5, Vx G A and t G [0,T). (1.8) 
Proof of Step 2. Fix t G [0, T) and set 



jx G M : < e} , 



7 



where e > is a real number which will be determined later. Setting 

/ e v °dV = a, by the conservation of the volume and (|l,7p . we have : 
Jm 

a = [ e v ®dV = [ e v ®dV+ [ e v ®dV 
Jm Jm s J M\M e 



< e\M £ \ + e CT \M\M e \. 



Taking e = —. — -, we find 
B 2|M|' 



\M\M £ \ ^ \e~ CT > 0. (1.9) 

Setting A = M\M £ , by definition of M £ , we have v(x,t) > In e = In ^r^j > f° r 

all x G A and f G [0, T). On the other hand, by StepdJ v(x, t) ^ C T , \fx G M 
and Vt G [0, T), therefore we get that there exists a constant 5 such that 

Kar,i)| < 5, Vx G A , Vi G [0,T). 

Step 3. Lei p > 87r. For a// i G [0,T) 7 u/e foaue 

/ v 2 (t)dV^C 1 [ \Vv(t)\ 2 dV + C 2 , (1.10) 

where C\, Ci are two constants depending onT, Q, ||uo|lc2+a(^ , M and A 
(where A is the set defined in Step\^j. 

Proof of Step 3. By Poincare's inequality, one has 

L At)dv £ i L ^ vit)?dv + w\ (L v{t)dv ) 2 ' (LU) 

where Ai is the first eigenvalue of the laplacian. Now, using Young's inequal- 
ity and (|1.8p . we find 



\M\ \J M w J \M 



2 



2 
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where e is a positive constant which will be determined later. By Cauchy- 
Schwarz's inequality, one has 



2 

.2/ 



v(t)dV < \M\A\ / v\t)dV. (1.13) 

M\A I J M\A 

Thus, (fl~TTl) . (fl~T2l) and (fl~T3]l yield to 

I ^ £ L ^ dv + { i ~w\ + wi mAl ) L At)dv 

5 2 \A\ 2 25 2 \A\ 2 
|M| e|M| 

Choosing e such that a = ^1 — + j||j|Af\j4N < 1, and setting C = 
<5 2 |A| 2 . 2<5 2 |A| 2 , , , 

~m~ ia/|J ' we deduce that 

(1-a) [ v 2 (t)dV<^[ \Vv(t)\ 2 dV + C. 
Jm *i Jm 

Therefore inequality (|1.10p is established. 



Proof of Proposition \1.2L We will consider two cases p < 8ir and p > 87T. 
In the first one, we will prove that the constant C of estimate (j 1 . 6 [) isn't 
depending on T. We begin with the case p < 8ir. Using Poincare and 
Young's inequalities, we have 

C I \v{t)-v(t)\dV < ef \Vv(t)\ 2 dV + C, 
Jm Jm 

where e > is a small constant to be chosen later. This implies that 



Jpivit)) = \f \Vv(t)\ 2 dV+f Q(v(t)-v(t))dV 
1 Jm Jm 



\-e^ JjVv(t)\ 2 dV - C 



> 

2 



plog^ e v ®-*®d\fj. (1.14) 



By Jensen's inequality, we have 



log (J e v ®-*®dV^J > C, Vi G [0,T), (1.15) 
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where v(t) = — : . Hence, using ([1.14I) . (|1.15p and setting p\ 

max(p, 0), we deduce that 

Jp(v(t)) > Q-e) JjVv(t)\ 2 dV - C 



- Pl \og( I e v ®-"®dV 
\Jm / 

By Moser-Trudinger's inequality (see |25j . [32] ). one has 

log/ e (u(t) - n(t)) dV < — [ \Vu{t)\ 2 dV + C. (1.16) 
Jm !6vr J M 



Therefore 



> \\-tL-z) I Wv(t)\*dV-C. 



2 16vr 



8 tt - p i 
32vr 

we find that, Vp < 87r, 



Thus, by taking e = — — and using that J p (v(t)) < J p (vq), Vt G [0,T), 



/ \Vv(t)\ 2 dV < C. (1.17) 
Jm 

Now, using (|1.17p and Poincare's inequality, we obtain, \/p < 8tt, 

Ht)-m\\HHM)< c - (i-is) 

Since / e^W = / e"° for all * g [0,r) ; using Jensen's inequality (fTT5l) . 
Jm 

Moser-Trudinger's inequality (|1.16p and (|1.17|) . we deduce that 

\v{t)\ < C. 

Finally, from (|1.18p and the previous inequality, we obtain, for all p < 8tt, 
IK«)llm(M) < C, V < ( < T. (1.19) 

Let's now consider the last ease , > 8.. Since / a»«W = / for 

Jm Jm 

all t € [0, T), and by Young's inequality, we have 

J P (v )> J p (v) > ~ / \Vv\ 2 dV + [ QvdV-C 
* Jm Jm 

> \ ( \Vv\ 2 dV-e [ v 2 (t)dV-C, (1.20) 
2 Jm Jm 
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where e is a positive constant which will be chosen later. Thanks to estimate 
HUOD of Step [3j inequality (fL20|) leads to 

\ I \Vv(t)\ 2 dV < C + de [ \Vv(t)\ 2 dV. 
2 Jm Jm 

Choosing e such that i — eC\ > 0, we obtain that, for all t G [0,T), 



/ \Vv(t)\ 2 dV < C T . 
Jm 



X21) 



Combining (|1.10p and (|1.2ip . we have / v 2 (t)dV < C T . Finally, we con- 

Jm 

elude that, for all there exists a constant Ct > such that 

Mt)\\ H1{M) <c T , Vie [o,T). 



□ 

Proposition 1.3. There exists a constant Ct > such that 
\\v(t)\\ HHM) <C T ,V 0<t<T. 

Proof. Since |M|^i( A:f ) < Ct, we just need to bound J M (Av (t)) 2 dV, for all 
t £ [0,T). To this purpose, we set 

dv (t) v(t) 
u,(t) = -Ale „ . 

By differentiating with respect to t and integrating by parts on M, we have 



/ U;(t)e— +Q- 



A ( w(t)e~^ ) dV 



1 



Vw(t)\ z dV + - / uT(t) |Vu(t)rdF 



+ / AQ (u;(t)e-^ i ) 



+ 



M 



Vv(t)Vw(t)e~dV - - I w(t)e~ \Vv(t)\ z dV 



M 



dv(t) v(t) 

Since Q £ C°°(M) and w(t) = -^-e— , we find 



01 



18_ 

2di 



(Av(t)) 2 dV 



M 



dv(t) 



< -J \Vw(t)\ 2 dV + w 2 {t)\Vv{t)\ 2 dV + C 
+ c(J (\Vw(t)\\Vv(t)\ + \Vv{t)\ 2 \w(t)\^dV^ . 



IA(M) 
(1.22) 
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We now estimate the positive terms on the right of (11.221) . From Gagliardo- 
Nirenberg's inequality (see for example [7]), V/ G H 1 (M), 

- C 'll/llx 2 (M) ll/lliJi(M) ' 
using Cauchy-Schwarz's inequality and (|1.5p . we have 



w 2 (t)\Vv{t)\ 2 dV 



M 



< \\w 



L 4 (M) 



\Vv 



L 4 (M) 



< C T \\w{t)\\ L 2 {M) ||t/>(t)||jyl( M ) h(t)\\ H *{M) 



(1.23) 



Using (|1.5p and Moser-Trudinger's inequality ()1.16p . we deduce that there 
exists a constant Ct such that, for all t G [0, T), and p£K, 

f e pv{t) dV<C T . (1.24) 
Jm 

In the same way as for proving (|1.23p . using (|1.5p and fjl.24|) . we have 
\Vv(t)\ 2 \w(t)\e^dV 

\Vv{t)\ A dv\ ( [ w A (t)dvY ( [ e M ■ \ 



M 



< 



M 



M 



M 



< 



Ct \Ht)\\ H 2 {M) \\w(t)\\ 2 H i {M) \\w{t)\\h {M ) 



;i.25) 



v[t) 



\Vw(t)\ \Vv(t)\e—dV 



M 



< 



\Vw{t)\ 2 dV 



M 



\Vv{t)\ A dV 



M 



3 Mt) dv 



M 



and 



< C T \\w{t)\\ H1{M) \\v{t)\\ 2 H2{M) 
dv{t) 



1.26) 



M 



dt 



dV 



<M 

< Ct \\w 



~ v{t) dV 



Al 



\L 2 (M) ■ ( L27 ) 
Finally, putting (fL23l) . JEZSK, dEBD , (fT27)l in (fl~22l . we obtain 

i a 



2 9t 



(Av(t))W 



< 



Vw{t)\ 2 dV + C T \\w{t)\\ HHM) \\w(t)\\ L2{M) \\v{t)\\ H2{M) +C T \\w 

i 1.1. 

hi(m) ll u (*)ll|f2( M ) + II w (0IIhi(m) IM*)II1 2 (m) II u (*)IIh 2 (m) 
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Using Young's inequality, we get 

UL^ it))2dv+i ) 

< C T (J^v(t)fdV+l\{\\w(t)\\l HM) +l). (1.28) 
On the other hand, by (|1.3p . we have, for all t £ [0, T), 

r* d 

= - I -^Jp(v(s))ds = J p (v ) - Jp{v(t)) 

< Or, (1-29) 



where we use the fact that — Or from Proposition 11,21 Inte- 

grating (|1.28p with respect to t and using (|1.29p . we have 

f (Av(t)) 2 dV < C T , Vie[0,T). 
Since ||v(i)ll_ffi(M) — Cr, we deduce that 

\\v(t)\\ H z(M) <C T) Vte [0,T). 

□ 



Proof of Theorem IQ.il We recall that to prove the global existence of the 
flow it is sufficient to prove (|1.4|) . i.e. there exists a constant Or depending 
on T such that 

\\v\\ c2+a>1+§ {Mx[0)T)) <C T , a£ (0,1). 
First, we claim that for all a G (0, 1), there exists a constant Or such that 
\v{ Xl ,h) - v(x 2 ,t 2 )\ < C T (\ti -t 2 | f + -x 2 \ a ), (1.30) 

for all x±,x 2 £ M, all ti,t 2 £ [0,T), and where \xi — x 2 \ stands for the 
geodesic distance from x\ to x 2 with respect to the metric g. From Propo- 
sition (L3j we have, for all t £ [0,T), ||^(i)lli? 2 (M) — ^r- Thus, by Sobolev's 
embedding Theorem (see [18j), we get that, for a S (0,1), v(t) E C a (M) 
that is, for all x, y £ M, 

\v(x,t)-v(y,t)\<C T \x-y\ a . (1.31) 
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If t2 — t\ > 1, using (|1.3ip . it is easy to see that (|1.30p holds. Thus, from 
now on, we assume that < t 2 — 1\ < 1. Since v(t) is a solution of (|0.4p and 
1 1 e v( $ 1 1 (m < C T , for all t G [0,T), one has 



\C a {M) 

h)(t) 2 
dt 

Integrating on M, we obtain, for all t £ [0, T) 



< C T \Av(t)\ 2 + C T . 



J 

J M 



' M 

Now, we write 



dv(t) 2 



dt 



dV < C T \\v(t)f H2(M) + C T < C T . (1.32) 



\v(x,h) - v(x,t 2 )\ = !„ / m / kOMi) - v(x,t 2 )|^(y) 



c 


t-2 


-h 




c 




-h 




c 


t 2 


-h 



+ ; -/ \v(y,h)-v(y,t 2 )\dV(y) 

+ — — I \v(y,t 2 )-v(x,t 2 )\dV(y), (1.33) 

where B ^j t2 _ tl {x) stands for the geodesic ball of center x and radius y/t 2 — t\. 
Let's consider the first term on the right of (|1.33p . Using (|1 .31 j) . we obtain 



C 



\v(x,ti) - v(y,t l )\dV{y) 



< 77%T / \.r-!l\ n dVUD 



(h-h) 

< Crfa-h)?. (1.34) 
In the same way, we have 

( 1 , v(x,t 2 )-v(y,t 2 )\dV(y) < C T (i 2 -ii) f - (1-35) 



t 2 — 1\ J B 
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We find, using Holder's inequality and (|1.32p . 
C 



t2-h 



B 



v(y,h) - v(y,t 2 )\dV(y) 



< C sup 

h<T<t2 JB 



V*2-*l 



(X) 



Ov 



Os 



(y,r)dV(y) 



sup 

tl<T<t 2 



1 n — j-( x ) 

V t 2-*l^ ' 



dv 



ds 



(y,r)dV(y) 



(1.36) 



Putting JESJ), (fl~35l) . (fL36l) in (fl~33l) and noticing that for all < t 2 -h < 1, 
we have — *i < (*2 — ^l)" 2 > we find 



Kx,ti)-t;(x,t2)| <C T (t 2 -ti)2. 



(1.37) 



Therefore, from (fl~3~D and (OTP , we see that (fL30"]) holds. In view of (fL30l) . 
we may apply the standard regularity theory for parabolic equations (see for 
example [15]) to derive that there exists a constant Ct depending on T such 
that 

\\v\\ c2+a , 1+9{Mx[0tT)) <C T , a€ (0,1). 

This completes the existence part of Theorem 10.11 The uniqueness follows 
from Proposition 11.41 

Remark 1.1. Following the proof of Theorem \0.1\ we see that, for allT > 
fixed, if \\uq\\c2+<*(m) — ^ f or some constant K > 0, then there exists a 
constant Ct > depending on K and T such that 

IHIc 2+a ' 1+ f(Mx[0,T]) - Ct - 



1.2 Continuity of the flow with respect to its initial data. 

We now show the continuity of the flow with respect to its initial data which 
will be useful for the proof of Theorem IU. 31 (see Section 3). 

2_i_q, ^ j a 

Proposition 1.4. Let u, v G C loc ' 2 (M x [0,+oo)) ; a G (0,1), be solu- 
tions of 

v(x,Q) = v (x), 



and 



d e u 

—e u = Au-Q + p- r — 

dt r J M e u dV 

u(x,0) = u (x), 
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where uq, vq 6 C 2+a (M). Then, for all T > 0, there exists a constant Ct > 
depending on \\'U>o\\c 2 +°'(M) > ll v o|lc 2 + a! (M) an d T , such that 

\\u - v\\ c 2+ a ,i+!$ ( Mx r 0iT n - Ct \\uq - V \\ C 2+ a ( M } ■ (1.38) 

Remark 1.2. Following the proof of Proposition \l-4\ we see that, for all 
T > fixed, if ||wo|lc 2 + a (M) — ^1 anc ^ ll v o|lc 2 + a (M) — ^2 / or some constants 
Ki,K2 > 0, i/ien f/iere exists a constant Ct > depending on K\, K<i and 
T such that 

\\u - v\\ o2+a ,i+% (Mx[0jT]) < C T IN - v \\ C 2 +a{M) . 

Proof. We set F = u — v. F satisfies 
dF[x,t) 



a(x, t)AF(x, t) + b(x, t)F(x, t) + /, 



where 



Of 

a(x,t) = -{e-< x d +e~ v ^), 
b(x, t) = - Q (Au(x, i) + Av(x, t)) - Q(x)\ e -«»C*,*)-(i-*)«(*.*) rf s 



and 



J M eU ° dV f M eV ° dV J' 
Since u, u € C 2+Q ' 1+ 2'(M x [0,T]), there exists two constants such that 

IHIc Q 'T(Mx[0,T]) ^ C ' T ' ( L39 ) 

and 

INc-f (Mx[0,T]) ( L4 °) 

It is easy to check that 

m<ci|F(.,o)ii 

C 2+a (M) ' 

(1.41) 

where C is a constant depending on || || c7 2 +° £ (iWf) an< ^ ll' y o||c 2 + a (M)- Using 
(|1.39|) . (|1.4Up and regularity theory for parabolic equations (see |15|). we find 
that, for all T > 0, 



1^11^2+a 



1+ f (Mx [0,7*]) - Ct (ll F (->°)llc 2 +«(M) + \\ F \\l°°(Mx[0,T\)) • ( L42 ) 



Let's set F m3iX (t) = m&xF(x,t) and -F m in(£) = V3iaF{x,t) for i G [0,T]. By 
the maximum principle and using (|1.4ip . we have 

F m3X (t) < e T H b H^(Mx[o,T]) |F max (0)| + C T \\F(.,0)\\ c2+a{M) e T ^°°(Wi) 
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and 

F miQ (t) > -e T|ii|l ^(^^i) |F min (0)|-C T ||F(.,0)|| c2+a(M) e T IHI^(M,[o,T]). 
This yields to 

H F llL°°(Afx[0,T]) ^ C 'T||^(-,0)|| c .2+a (M) . (1.43) 
Combining (fL42l) and (fQ3|) . we obtain JL38|), 

||U - U|| c 2+«,i+f (Afx[ o iT ]) - Ct ll U - ^o|lc2+«(M) • 

□ 

2 Compactness property. 

In this section, we study the compactness property of (v n ) n C H 2 (M) solu- 
tions of (IQ) 

-Av n = Qo + /ine , '"+ / oe' ; ", 
where /) > 0, Qq G C°(M) is a given function and (h n ) n C C°(M). 

2.1 Concentration-compactness. 

We first give a concentration-compactness criterion in the spirit of Brezis- 
Merle [6] for solutions (v n ) n C # 2 (M) of 

where (F n ) n C L 1 (M) is a sequence of functions such that / |-F n |dV < C 

J M 

for all n > 0. 

Proposition 2.1. Lei (u n ) n C H 2 (M) be a sequence of solutions of — Av n = 
F n with (F n ) n C L^M) suc/i too* / |-F n |<W < C f or al1 n > 0. T/ien, we 
have up to a subsequence : 

-(i) either, there exist constants C > and a > 1 suc/i that 

e a(v n -v n ) d y < c V n > 0. 

M 

-(%%) or, there exist points x l ,...,x L G M suc/i t/iai, Vr > and Vz G 
{1, L} , we have 

liminf / \F n \dV > Air. 
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Proof. The proof is well known. We give it for the sake of selfcontainedness. 
Let's suppose that (ii) doesn't hold, i.e. 

Vx € M, 3 r x > such that / \F n \dV < 4vr - 5 X , (2.1) 

JB rx (x) 

where S x > and n large enough. Since M is compact, we can cover it by a 
finite number j of balls Bi := Br xi (x l ), i S {1, We set B r ^x 1 ) = B{. 

Thus we have, for all x € B{, 

v n (x)-v n = [ F n (y)G(x,y)dV(y)+ f F n (y)G(x,y)dV(y), 

JBi JM\Bi 

where G : M x M — > IR is the Green function of the laplacian (see for example 
[1]). Multiplying by a > and taking the exponential, we find, Vx G Bi, 



exp [a(v n (x) - v n )} 



exp 



x exp 



aF n (y)G(x,y)dV(y) 



Bi 



M\B t 



. aF n (y)G(x,y)dV(y) 



(2.2) 



Since G is smooth outside its diagonal and J M \F n \dV < C, there exists a 
constant C such that, for all x £ Bi, 



exp 



aF n (y)G(x,y)dV(y) 

M\Bi 



< c. 



Combining the previous inequality, (|2.2p . and integrating on Bi, we get 
exp [a(y n (x) - v n )] dV{x) 



B, 



/ exp 


Jb 


/Bi 





aF n {y)G{x,y)dV{y) 



dV{x) 



(2.3) 



Using Jensen's inequality, we have 



exp 



< / exp 

'Bi 



[ a\F n (y)\\G(x,y)\dV(y) 

JBi 

a \\ F n\\ L i(Bi) \ G ( X >V)\ 



\Fn\(y) 

Wfn\\ L i^Bi) 



dV(y). 



Thus, using Fubini's Theorem in (|2.3p . we obtain 

/ exp \a(y n (x) — v n )] dV(x) < C sup / exp 
JBi y eeB t JB z 



a\\F 



nWLi(Bi) 



\G(x,y)\ dV(x 
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Since 



G(x,y) - i log < C, for all x ^y G M, and since H-Fnllx,!^) < 



C, we finally arrive at 



/ exp [a( 



u n (a;) - « n )] dV(x) < C [ (t^—) dV{x) 
Using ()2,ip . we see that there exists a > 1 such that 

a I \F n \dV < 4vr. 

Thus, we have 

f e a( - v "-^dV < +00 , Vi e {1, 
Since M is covered by a finite number of Bi, we obtain 



M 



□ 



Now, we prove that if the first alternative of the previous proposition 
occurs then the solutions of fjO-Tj) are compact. 



Proposition 2.2. Let (v n ) n C H 2 (M) be a sequence of solutions of (GT 

suc/i i/iai / e Vn dV = 1, Vn > and satisfying conditions (|0,8p . Suppose 
Jm 

there exists constants C > and a > 1 suc/i i/iai 



/ 



I M 

Then there exists a constant C such that 



Proof. From / e Vn dV = 1 for all n > and (|0.8|) (i). we have lim / 
0. Thus, there exists a constant C such that 



\h n \ e 

M 



V 



\\pe Vn +Qo + h n e v "\\ L1{M) < C. 

Therefore we can apply Proposition 12,11 for F n = pe Vn + Qo + h n e Vn . Since 

/ e a ( v "- v «) 'dY < (J, using Holder's inequality, we obtain 
Jm 

l = e d " [ e {v "- dn) dV < Ce c " ( f e a ( Vn ~^dv) " < Ce"". 
Jm \Jm J 
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From the previous inequality and Jensen's inequality, we deduce that there 
exists a constant C such that 

f e aVn dV < C. (2.4) 
Jm 

Using Holder's inequality and (|2.4p . we have, for 7 = > 1, 
h n e Vn \^dV < ([ h 2 n e v "dv) 2 ( [ e aVn dv) 

M \Jm J \Jm J 

< C. (2.5) 

We also have, since 7 < a, 



[ e^ Vn dV < C ( I e aVn dv) ° < C. (2.6) 

JM \Jm J 



We deduce, from (|2.5p and f|2.6|> . that ||-Fn|lL7(M) — C. S ince (fri)n satisfies 
— Av n = F n , by elliptic regularity and Sobolev's embedding Theorem, there 
exist two constants C and /3 G (0, 1) such that 

IKH C /3(M) < c - ( 2 - 7 ) 

Using ()2.7p . we obtain that \\e Vn \ \ c p i M \ < C and using estimate (|0.8p Q). we 

get 

f \h n e""\ 2 dV < C\\e v -\\ CP(M) [ h 2 n e v -dV<C. 

Hence H-PnlljWiw) < C. Therefore, by elliptic regularity, there exists a con- 
stant C such that 

ll u nll_ff 2 (Af) ^ C- 

□ 

In the sequel, we will say that solutions (v n ) n C H 2 (M) of (|0.7p such 

that / e Vn dV = 1, Vn > 0, and satisfying (|U.8p are non-compact if the first 

Jm 

alternative of Proposition 12.11 doesn't occur. 



2.2 Asymptotic profil 

We will study the asymptotic behaviour of non-compact solutions of equation 
(|0.7p . We follow the ideas of Malchiodi [22] for the study of compactness for 
solutions to a fourth-order equation. Thanks to Proposition (2TTJ we can show 
that if (v n ) n C H 2 (M) is a sequence of non-compact solutions of (|0,7p . then 
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there exists (3 G |^0, jj, radii (r n ) n , (r n )„ and points (x„) n C M satisfying 
the following properties 

r n — ► ; ^ — ► ; / = /3; 

rw+oo r n rw+oc J B rn (x„) 

I e Vn dV< -, Vy€B fn (x n ). (2.8) 

Now, in order to understand the asymptotic behavious of (v n ) n near (x n ) n , 
we introduce the following tranformation of (v n ) n 

v n = v n {exp Xn (r n .)) + 21ogr n , 

where exp Xn stands for the application exponential centered in x n . We obtain 
the following proposition. 

Proposition 2.3. Let (v n ) n C H 2 (M) be a sequence of non- compact solu- 
tions of (|0.7p such that / e Vn dV = 1, Vn > and satisfying (|0.8p . Then 

Jm 

there exist a sequence of points (x n ) n and a sequence of real numbers (r n ) n 
such that 

v n = v n (exp (r n .)) + 21ogr n — > in Cg c (M. 2 ), a G (0, 1), 

n— >+oo 

and weakly in Hf oc (M. 2 ) where Voo G C°°(M 2 ) is solution of the equation 
with / e v °°dV„ 2 < 1. Moreover, for any sequence ((3 n ) n , (3 n — > +oo, 

J R 2 K ' rw+oo 

there exists a sequence (b n ) n , b n — > +oo, such that b n < f3 n , Vn > and 

n— >+oo 

lim / e Vn dV = — . (2.9) 

n ^+™ J B bnrn (x n ) P 

We will say that the sequence (b n ) n tends arbitrarily slowly to +oo. 

Remark 2.1. Let v^, G C°°(R 2 ) be defined as in the previous proposition. 
Then, the Classification Theorem of Chen-Li 111] implies that there exists 
A > and xq G M 2 such that 

2A 2 
Vooix) = 2 log -I- fog-. 

i + {X\x-x \y p 

Proof. The proof follows the same steps than Malchiodi [22j. So we omit 
it. □ 
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In view of the previous proposition, we now define the notion of blow-up 
sequence for (v n ) n C H 2 (M) solutions of (10 .7p . 



Definition 2.1. Let (x n ) n be a sequence of points of M and (r n ) n a sequence 
of positive real numbers such that r n — > 0. We say that (x n ,r n ) n is 

n— >+oo 

a blow-up for {v n ) n solutions of (|0.7p if the sequence defined by v n {x) = 
u n (exp a . n (7Vc)) + 21ogr n where x G R 2 , \x\ < and 5 < i{M) (where i(M) 

stands for the injectivity radius of M), converges in C a (B^), (a G (0,1)), 
for all R > fixed, to a solution G C°°(R 2 ) of equation 



-A R 2-Uoo = pe 
with / e dn dV U 2 < +oo. 

2.3 Integral Harnack type inequality. 

Now, we will prove an integral Harnack type inequality for solutions (v n ) n C 
H 2 (M) of equation -Av n = Q +f n where (f n ) n C L 1 (M) and Q G C°(M). 
In the following, /+ = max (0, f n ) (resp. f~ = — min (0, f n )) stands for the 
positive (resp. negative) part of f n . 

We obtain the following integral Harnack type inequality. 

Proposition 2.4. Let (v n ) n C H 2 {M) and (f n ) n C L 1 (M) be two sequences 
of functions such that 

-Av n = Q + f n , (2.10) 

with Qq G C°(M), ||/n|lii(M) — an< ^ su PP ose that there exists p > 1 such 
that || /n || LP(iW) — ^2 , where C\ and C2 are two constants not depending on 
n. Then, for all j3 > 0, there exists a positive constant Cp depending on 
(3, C\ and C2 such that for all xq, yo G M and r,R G (0,i(M)) satisfying 



r < R, \xq — 2/0 1 — PR an d / fndV < 2n, we have 

>B 2R (x ) 



L 



e 



s H J " ILl(B r (y )) 



Br{x q ) JB r (y ) 



dV<Cp(-\ ™ I e Vn dV. 



Proof. We begin with some remarks on the Green function G(., .) : M x M — > 
R of the laplacian. Up to adding a constant to G, we can assume without 
loss of generality (see for example [I]) that G(x, y) > for all 1,1/6 M. Note 
also that for all q G [1, +00) and x G M, \\G(x, -) llx,«(A0 — wnere Cg i s 
a constant depending on M and q. We will divide the proof of Proposition 
E3]into 2 steps. 
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Step 1. We have 

G(x,y)f+dV(y) 



[ e Vnix) dV{x) < exp(t7 + w n + sup I 

JB R (x ) \ x£B R (x )JA 



M\B 2R (x ) 



I f+l, 



x R 2 *f . (2.11) 

Proof of Step 1. Let x 6 Br(xo). Since (f n ) n C H 2 (M) is a sequence of 
solutions of (|2.10p and ||Cr(a;, Oll^fM) — ^> us i n S Green's representation 
formula, we have 

v n (x) = v n + [ G{x,y){f n (y) + Q {y))dV{y) 

JM 



< v n + G(x,y)f+(y)dV(y) 

J B 2R (x ) 

+ sup / G(x,y)f+(y)dV(y) + C. 

x&B R (x ) JM\B 2R (x ) 
Thus integrating on Br(xq), we find 

/ e v '^dV(x) < exp(c + t; n + sup / G(x,y)f+(y)dV(y)) 

JB R (xo) \ xeB R {x )JM\B 2R (x ) J 

x / expf/ G(x,y)f+(y)dV(y) ) dV(x). (2.12) 

JB R (x ) \Jb 2R (x ) I 



Since |G(x,y) - — log — : | < C and ||/n|| L i (M ) ^ ^1) we g et 



/ expf/ G(x,v)f+(y)dV(y) ) dV{x) 

JB R {x ) \JB 2R (x ) I 



( Ik™ I Llf S„„ (s n »\ 



< C sup 



V 



n ll ^ 1 (a 2 ii(^o)) 

1 \ 2 * 



b r (x ) \\x-y 



dV(x) 



IK" ILl (B 2R (x )) 

< R 2 ^ . (2.13) 

Ik" llL 1 (B 2fl (3:( ) )) 

We note that, since \\fn ^LUB 2 R (xo )) — ^ 7r ' we nave ^ 2n < 

+oo. Finally, thanks to (fTT2l and (|27l3|) . we get estimate (pDT]) . 
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Step 2. We have 



f e Vn{x) dV(x) 
Jb r (x ) 

< Cexpf sup f G(x,y)f+dV(y)) 

\xeB R (x ) JM\B 2R (xo) J 

x exp(- inf / G(x,y)f+(y)dV(y)) 

\ xeB r (yo) JM\B r (y ) J 

IK" Ll(B 2f? (x )) ILl( BT .(y n )) /* , , 

x # 2 2^ r 2i 2 / e^Wfa). (2.14) 

Proof of Step 2. Using the Green's representation formula, we have, for 
x e B r (y ), 

vn(x) = v n + ! G{x,y)f+(y)dV{y)- [ G(x,y) (/" (y) - Q (y)) dV(y). 

J M J M 

Since, for all q > 1 and for all x £ M, ||G(x, — C<? wnere C q is a 

constant depending on M and and since by hypothesis \\f~ \\ LP ( M } < C2, 
using Holder's inequality, we have 

J M G(x,y)f-( y )dV(y)<(J M G(x,y)^dV( y ^J * \\f-\\ LP{M) < C. 

Thus, we get, for all x 6 B r (yo), 

v n (x) > v n + I G(x,y)f+(y)dV(y)-C 
Jm 

> ~C + v n + [ G(x,y)f+(y)dV(y) 



+ inf ^ / G(x,y)f+(y)dV(y). 

xeB r (y ) JM\B r (y ) 

Integrating e Vn on B r (yo), one has 
f e v ^dV(x) > e W (-C + v n + inf f G(x,y)f+(y)dV(y)) 

J B r (yo) V x£B r (y ) J M\B r (y ) J 

x [ expf/ G(x,y)f+(y)dV(y))dV(x). (2.15) 

JB r (yo) \JB r (yo) J 

Since, for x G B r (yo) and y G i? r (yo), we have r > — and since 

\x — y\ 2r 
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\G(x, v) - 77- lo g 1 — - — r I < g, we e et 

2n \x — y\ 

[ exp(/ G(x,y)f+(y)dV(y))dV(x) 

JB r {y ) \JB r (y Q ) J 

> Cf expf-Llogl/ f+(y)dV(y))dV(x) 

JB r (y ) 2r JB r (y ) J 

> CI— / dV(x) 

\ 2r J JB T { yo ) 

Thanks to (I2.15P and the previous inequality, we derive that 

< Cexpf- inf / G(x,y)f+(y)dV(y)) 

\ x£B r (y ) JM\B r (y ) J 

x r ^fB r ( Vo) fi(.yW(y)- 2 I e Vni - x) dV{x). (2.16) 

JB r (y ) 

Now, combining (f2~TTj) and (f2~T6|) . we obtain ([27Hj) . 



Proof of Proposition 2^4 Thanks to (|2.14p . we see that, to prove the propo- 
sition, it is sufficient to prove that 



sup / G(x,y)f+(y)dV(y) - inf/ G(x,y)f+{y)dV(y) 

x&B R (x ) JM\B 2R (xo) z£B r (y ) J M \B r (y ) 



< C p + ^(\ogR) [ f+(y)dV(y) 
^(logi?) f f+(y)dV(y), (2.17) 



where Cp is a positive constant depending on j3. Let x\ £ Br{xq) and 
X2 £ B r (yo) be such that 

sup / G{x >y )fi{y)dV{y)- inf / G(x,y)f+(y)dV(y) 

xeB fl (x ) JM\B 2R (x ) x&B r (y ) J M\B r (y ) 



G(x u y)f+(y)dV(y)- / G(a! 2 , y)f^{y)dV{y). 

M\B 2R (x ) JM\B r (y ) 
Since ^(yo) C -B 4(( g +1)i? (a;o) and -B 2jR (a:o) C B^+ijkC^o), we can write 

/ G(x l ,y)f+(y)dV(y)- f G(x 2 ,y)f+(y)dV(y) = I+II+III, 

JM\B 2R {x ) JM\B r (y ) 
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where 

/= / G{x l ,y)f+{y)dV{y)-j G{x 2 ,y)f+{y)dV{y), 

J M\B i(p+1)R {xo) J M\B 4(j3+1)R (x ) 

H= I G(x u y)f+(y)dV(y) 
J B4(p+i)r(xo)\B 2 r(x ) 

and 

III = - [ G(x 2 ,y)f+(y)dV(y). 

We first estimate /. For y G M\i3 4 ( ( g +1 )^(xo), one can easily check that 
there exists a constant Cp depending on (3 such that 

\y-x\\ Cp 

This implies that there exists a constant Cp such that, for all y G M\B^p +1 ^ R (xo), 

W - y\ 



\G(x 1 ,y)-G(x 2 ,y)\<C+^ 



log- 



\x\ - y\ 



<Cp. 



Therefore, since ||/n||x,i(M) < Ci, we have 

/= / G(x 1 ,y)f+(y)dV(y)- [ G(x 2 ,y)f+(y)dV(y) 

M%+i)k(h) J M\B i(l3+1)R (x ) 

< Cp\\f n \\ Ll ( M) <CpCi. (2.18) 

Let us now estimate II. Since x\ G Br(xq), for y G B^p +1 -) R {xq)\B 2 r(xq), 
we note that |xi — y\ > R. Thus recalling the asymptotic of the Green's 
function and that ||/n|lx,i(M) — we deduce that 



U = [ G(x 1 ,y)f+(y)dV(y) 

J B i{j3+1)R (x )\B2 R (x ) 

6og ^) I ti(yW(y) + CC 1 . (2.19) 



- 2vr 

Finally, noting that for x 2 G B r (yo) and y G #4(/3+i)ii(#o)\-Sr(yo)) we have 
I #2 — y| < 5(/3 + we obtain 

III = - [ G(x 2 ,y)f+(y)dV(y) 

J B 4(p+1)R (x )\B r (y ) 

< ^- (log 12)/ f+(y)dV{y) + C. (2.20) 

Z7T J B 4(l3+1)R (xo)\B r (yo) 
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Therefore, from (12T81) . (12T91) and (l2^0]l . we get 

/ G(xi,y)f+(y)dV(y) - [ G(x 2 ,y)f+(y)dV(y) 

JM\B 2R (x ) JM\B r (y ) 

< Cp-^QogR) f frt(y)dV(y) 

Z7F J B 4{l3+1)R (x )\B 2R (x ) 

+ -^(logfl) / f+{y)dV(y) 

llT J B i{p+1)R {x )\B r ( yo ) 

< Cp + ±-(\ogR) I f r t(y)dV(y) 
- ^-(logi?) I f+(y)dV{y). 

Hence (|2.17|) holds. This achieves the proof of Proposition 12.41 



□ 

2.4 Proof of Theorem I0.5L 

To prove Theorem IU.51 we will need three lemma. We first prove that the 
integral of e Vn on some annulus, centered in a blow-up point, tends to at 
infinity. 

Lemma 2.1. Let (x n ,r n ) n be a blow-up for (v n ) n , and (R n ) n , (S n ) n two 
sequences of positive numbers satisfying the following properties : 

0<2R n < (2.21) 
R 

— — > +oo, (2.22) 

r n n— »+oo 

and there exists C > (• not depending on n) such that 

VB s (y) C B Sn {x n )\B Rn {x n ), if [ e v "dV > - then s > C\y - x n \. 

JB s (y) P 

(2.23) 

Then, we have 

lim f e Vn dV = 0. (2.24) 

™^+°° JB Sn (x n )\B 2Rn (x n ) 

Proof. Since (x n ,r n ) is a blow-up for (v n ) n , then, from Proposition 12.31 we 
can choose (b n ) n such that 

b -p -> 0, (2.25) 

tin n^+co 
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and 

lim / e Vn dV = —. (2.26) 

n^+ooJ Bbnr j Xn) p 

We will divide the proof into two steps. In the first one, we will obtain an 

f S 
upper bound of / e Vn dV for 2R n < R < — . In the second 

J B 2R (x n )\B R ( x n ) 4 

step, we will establish (|2,24p by dividing the annulus B s IL (x n )\B2R n (x n ) 

2 

into smaller annuli on which the estimate of the first step will hold. 

S 

Step 1. Let R > be such that 2R n < R < —, then we have 



f fb r \ 2+ °™W 

J B 2R {x n )\B R (x n ) \ R J 



where o n {\) — > 0. 

71— > + 00 

Proof of Step 1. First, for y £ B2R(x n )\Bn(x n ), we have 

Scfi(y) C B Sn (x n )\B Rn (x n ), 

8 

where C is the constant defined in (|2.23p (without loss of generality, we 
can assume that C < 1). Thus we deduce from (|2,23p that, for y E 
B 2 R(x n )\B R (x n ), 

[ e Vn dV <-. (2.27) 
Jbqr{v) P 

On the other hand, B2R{x n )\B R {x n ) can be covered by a finite number (not 
depending on n) of balls BcR.iyi) where yi E B2R(x n )\Bn(x n ) . We will use 

16 

Proposition 12.41 for f n = pe Vn +h n e v ", xq = yi, yo = x n , r = b n r n and R (the 

CR 

one defined in Proposition 12. 4p substituted by R = ~^r- Let's show that the 

hypothesis of the proposition hold true. Since / e Vn dV = 1, Vn > 0, we 

ttttt*. M 

have, using Holder's inequality and (|0.8p (i). that 



\\fn\\ LHM )<P e Vn dV+ \K\e v "dV <p+[ \h n \ z e v "dV\ <C. 
Jm Jm \Jm 

Since yi E An t 2R(x n ), there exists a constant (3 > such that 

\Vi-x n \ <2R<pR. 
It is easy to check, using (|2.25p . that 

CR 

r = b n r n <R = — . 

16 



28 



Therefore, it only remains to check that there exists p > 1 such that 

II f~ II < a 

\\ J n 1 1 LP (AT) - ' 

and 

f f+dV < 2vT. 

The first inequality is a direct consequence of (|0.8|) (ii). The second one 
follows from (|2,27p and (|0.8p (i) which imply, using Holder's inequality, that 



/ f+dV < pf e Vn dV+( I hle^dv] 

< vr + o n (l) <2tt. 
Thus, Proposition 12.41 gives us that 



JB CR (3k) \ R J JB bnrn (x n ) 



-2 

e Vn dV 



■ C 



b n r n 
R 



2tt Z 



From ([2^6]) . since lim / \h n \e Vn dV = and pe Vn < f+ < pe Vn + 

MC ° J B bnrn (x n ) 

\h n \e Vn , we get 

H/n \\^{B rnbn {x n )) 



' B b n rn i x ") 

2 = 2 + O n (l) 



2vr 

Therefore, we obtain 

2+On(l) 



/ e ^dV<c( h -^f] 
JB CR { yi ) V R J 



Since B2n(x n )\Bii(x n ) is covered by a finite number not depending on n of 
balls BcR{Vi), we finally derive that 

16 

/ e Vn dV <C[-^) . (2.28) 

J B 2R (x n )\B R (x n ) \ R J 

Step 2. We have 

lim / e Vn dV = 0. 



n—>+oo 



B Sn (x„)\B 2 R n (x n ) 
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Proof of Step 2. We apply Step Q] to Rj = 2 j (2R n ) , < j < j n with j n such 



that 2^ E 



16R n ' 8i2 n 



. By definition, we see that B 2 j^ (x n )\B ^ 

j=o 

covers Bsn(x n )\B2R n (x n ). We deduce that 



/ e Vn dV <J2 e Vn dV+ / e B "rfy. 

J B Sn {x n )\B 2Rn (x n ) - =Q J B 2ii Xx n )\B k X x n) J B Sn (x n )\B Sn (x n ) 

~2~ J 3 3 

s. 

From Step[Tl since 2R n < Rj < — , for all < j < j n , 

L 



2+o„(l) 

e^dV<CY +C l 



B^( a! „)\B 2i?n ( a;n ) j=Q V^^n/ V 4 / 

5 

and since by definition , — > 2R n , we deduce that 

/ e Vn dV < C ( b -^A 2+ °" (1) | y 2~V + 1 ) < C f ^ 

& V 

From (gjjgj) , — > 0, we finally arrive at 

R n n— >+oo 



2+o r 



lim / e^dF = 0. 

"~H-°° JB Sn (x n )\B 2Rn {x n ) 



Therefore, Lemma \2. II is established. □ 

Now, we will prove that, assuming there exists k blow-up for (v n ) n , there 
is no volume on annuli centered in these points. 

Lemma 2.2. Let (a^,r^) n , . . . , (x^,r^) n be k blow-up for (v n ) n with k > 2, 
and suppose there exist sequences (i?„) n , . . . , (R^) n satisfying the following 
properties : 

1) 

^ — ► +oo, Vi £ {1, . . . , k}. (2.29) 

*; 

^ 1 0, Vie {!,...,*}. (2.30) 



inf Ix* - a£| ™->+°o 
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3) If D n = max \xL—xt\, we suppose that there exists a constant C > 
&je{i,...,k} 

such that 

VB s (y) C |J B ADn {x l n )\ |J 5^(4): */ / > - 

i=i i=i jB <>(y) p 

then s > Cd n {y) = C inf \y - xU. (2.31) 
ie{i,...,fe} 

T/ien iue foawe 

lim / e""dV = 0. 

Proof. We will proceed by induction on k. For k = 2,we have D n = 
From (12~29|) and (l2~30l) . we get 

-f — > +oo, 

and 

S — ► o. 



.D n n->+oo 



2 2 



Moreover, if C B ^{x l n )\B Rl (x l n ) C (J S 4 i? n (4)\ IJ B Ri( x n) then 



2 

1=1 j=l 



dn(y) = \y — %n\- Therefore, using (|2.3ip . Lemma 12.11 for x n = x\ with 
R n = and S n = implies that 

lim f e Vn dV = 0. (2.32) 

JB Dn {xi)\B 2Rl {x\) 
In the same way, we also have 



lim / e Vn dV = 0. (2.33) 



We can cover B2D n {x i n )\ BD JL {x l n ) with a finite number N (not de- 

i=l i=l 4 

pending on n) of balls B g Dn (yj), where C is the constant defined in (|2.3ip 

16 

2 2 

and yj G i?2.D n (a4)\ Bn„ (a^), such that 



i=l i=l 



i=i i=i 
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It is easy to check, by using (|2.3ip . that 



L 



e Vn dV < -. 



Now following the same argument as to get (|2.28|) . we obtain 



, i v 2+o„(l) 

e Vn dV < C ( ) , (2.34) 



where 6 n — )• +00 satisfies - " — >■ 0. Thus, since - - = — " - 

n->+oo n->+oo _D n i?^ n- 

0, we deduce that 



lim / e Vn dV = 0. (2.35) 



So, from (I2~32l) . (l2~33l) and (|2~35|) . we find 

lim / e""dV = 0. 

rW+OC 7y2 =i B2Dn (< A L) 2 =i ^ ^ 

Therefore the lemma holds for k = 2. Now suppose that the lemma holds 

for A;. Let d n = inf {xt— a£|. We will consider two cases depending 
i^je{i,...,fc+i} 

on the value of — — when n — > +00. 

<i 

Firsi case : — p » 0. 

n— >+oo 

In this case, there exists a constant C > such that (i n > CD n . Thus, we 
have 

C < < 1. (2.36) 

fc+1 fc+1 

Using ()2.36p . we can cover S2D n (^)\ Bo 1L (x l n ) with a finite number 

i=l i=l 4 

iV (not depending on n) of balls Bcd u (llj), where C is the constant defined 

16 

fc+1 fc+l 
in (|2.3ip and yj £ (J B 2 D n { x n)\ IJ %(4)> such that 

i=l i=l 4 

fc+1 fc+1 

B^CVj) C IJ B *Dn(0\ IJ ^(O- 
16 i=l i=l 

Following the same arguments as the one used for the case k = 2, we obtain 
that 



lim / e Vn dV = 0. 

^ + 00 JyW B2Dn K) \ Ujjl B (a 4 ) 
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Let's now consider the second case. 
Second case : — p — ?■ 0. 

We can assume, up to relabelling sequences (x^)^ that d n — — x^~^~ I. We 
define the set X\ of blow-up points for which the distance to x\ is comparable 
to d n , that is to say 

X% = {(x J n ) n : 3Cj > such that \x 3 n — x n \ < Cjd n , Vn > 0} . 

Notice that (x^) n and (x^ +1 ) n are in X\ and that card{X\) < k + 1 since 
we assume — — — >• 0. Up to relabelling sequences (xn) n , for j 7^ 1, k + 1, 
we can assume that 

X l = [{xi) n ,{x k n +l ) n :j6{l,... ) I + l}} ) 

with < l < k - 2. Let C = max {Cj : j G {2, . . . , l + 1, k + 1}. We have 

|a£ - 4| < Cd„, Vj G {2, . . . , Iq + 1, k + 1}, (2.37) 

and 

I 1 _ 3 \ 

+00, Vj G {i + 2,...,fc}. (2.38) 



One can check that the induction hypothesis of the lemma holds for the 
sequences 

rnrnMirn i'n )ni ■ ■ ■ j v^ri) njn 

associated to resp. (2Cd n ) n , (R l ° +2 ) n , . . . , {R^) n . It follows that 
1= lim / e Vn dV = 0, 



n— >+oo 



Ui E {i,i +a,...,*} B 2i5 n (*&)\(Uf=i„+a s 2 flj, «)UB*o*. «)) 



where Z) n = max — Let us show that 

i^i6{l,Z +2,...,fe} 



(2.39) 



lim / e Vn dV = 0. 

One can check that the hypothesis to apply Lemma [2.1l for x % n , i G {1, . . . , Zo+ 
1, fc+1}, with i? n = i?^, S n = hold. Thus, we have, for all i G {1, ... ,Iq + 
l,k + l}, 



n— >+oo 



iTj = lim / e Vj W = 0. (2.40) 



On the other hand, proceeding as in the case k = 2, we can cover the set 

ie{i,...,/ +i,fc+i} 
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by a finite number N not depending on n of balls such that 

fc+1 fc+i 

16 i=i i=i 



and 



Therefore, we obtain, in a similar way as for (|2.34|) ; that there exists a 
sequence (b n ) n , b n — > +00 arbitrarily slowly, such that 



n— >+oo 



*d -> 0, (2.41) 

ili, n->+oo 



and 



cd n \yj 

From ([2730]) and (|2"74"T|) . we have — ► 0. Hence, since 

»e{i,-,io+i,fe+i} 

is covered by a finite number N not depending on n of balls j? g dn (j/j), we 

16 

obtain that 

111 = lim / e Vn dV = 0. (2.42) 

nn++oc jB ±ca n U 4e{ i....,, 0+ x,* + i} % «) 

Therefore, (l2~39l) . (p^Oj) and (I2~i2|) yield to 

lim A e^dy 

fW+OO yUie{l,; +2,...,fc} B 2D„ ( :E n)\Ufi 1 B 2 i4 

= /+ Ih + 111 = 0. (2.43) 

ie{i,...,«o+i,fc+i} 

Now, we claim that 

lim / e Vn dV = 0. (2.44) 



n^+oo ^ {<A B (x y 



It is not difficult to check that 



fc+1 

U c U ^(4) 

*=1 i6{l,io+2,...,fc} 
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Therefore we deduce, from (|2.43p . that 

lim / e Vn dV = 0. (2.45) 

J u k+i B ^ U k+i B ^ [xi) 

To prove (|2.44p . it is sufficient, from (|2.45p . to show that 

lim / e Vn dV = 0. 

In the same way as for the case k = 2, we cover the set 



fe+i fc+i 

U^ n (4)\U B f^(4 

i=l i=l 



by a finite number N (not depending on n) of balls B cp n (yi) , 

16 

fc+1 fc+1 
Vj G U B 2D n (Xn)\ (J Bi 

D n ( X n)i 



2 

i=l i=l 



such that 



Thus, we obtain 



lim / e Vn dV = 0. 

CD n fe) 



lim / e^dV^O. (2.46) 

n ^ + °° ^US B2 D „fe)\US B, D (xU) 



Finally from (f!Q5j) and (f2^6|) . we get 



lim / e v ™dy = 0. 

This achieves the proof of the lemma. □ 
Finally, we have : 

Lemma 2.3. Let (x^, r*)„, . . . , (x^,r^) n be k blow-up for (v n ) n with k > 
2, and suppose that there exist k sequences (i?*) n , . . . , {R^)n satisfying the 
following properties : 

1) 

5^ — ► +oo, V* € {l,...,k}. (2.47) 
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2) 



_gg_ _^ 0, Vt€{l,...,fc}. (2.48) 



3) There exists C > suc/i i/mi 

fc 



Then 



VB s (y) C M\ Q »/ / e"»dF > - 

t/ten s > Cd n (y), where d n (y) = inf |y — I. (2.49) 

ie{i,...,fc} 

lim / e Vn dV = 0. 



Proof. The proof relies on the same technics as the ones used in the previous 
lemma, therefore we omit it. □ 



Proof of Theorem 10.51 Suppose that (v n ) n C H 2 (A1) is not compact, we 
claim that there exist k blow-up 

i, x m r n)ni ■ ■ ■ i { x m r n)n 

with 1 < k < f— 1 (where \— 1 stands for the integer part of — — ), and there 
exist k sequences (it^) n , . . . , (-R^)n > satisfying the following properties : 

^ — ► +oo, Vi G {!,..., fc}. (2.50) 



2) 
3) 



lim / e Vn dV = — , Vi € {1, . . . , k}. (2.51) 

n^+coJ B {xi) p 



+°° J R ■ (V 1 



0, Vie {!,...,&} si 



inf \xi -xl\ n-^+oo 
i#e{i,...,k} 



fli _^ 0, if k = 1. (2.52) 



4) There exists C > such that 



VB s (y) C M\ (J B^(4), i/ / eNl/ > - 

i/iera s > Cd n (y), where d n (y) = inf \y — xlA. (2.53) 

ie{i,...,fc} 
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If (v n )n is not compact, from Proposition 12.31 there exists (x„,r„) n a 
blow-up for (v n ) n . So there exists a sequence (b n ) n such that b n — > +00 

n— »+oo 

arbitrarily slowly, b n r\ — > and 

71— > + 00 

lim / e «»dF=— . (2.54) 

IB, 1 (xl) P 



n—>+oo 



Since b n — > +00 arbitrarily slowly, we can choose an other sequence (b n ) n 

n— >+oo 

such that b n — > +00 arbitrarily slowly, b n < — and 

71— » + 0O 2 

lim / e""dF = — . (2.55) 

I Br P 



n— »+oo 



Thanks to flZMD and ([2"35j) . we have 



n— 00 



lim / e Vn dV = 0. (2.56) 

' 1 (xl)\Br 1 (a;i) 



B, 



Now, setting 2i?* = b n r^, we have, using (I2.54p . (|2.56l) and since b n < 



lim 

n— H-00 



/ e" n dV < lim / e""dy = 0. 



(2.57) 

Let A; be the biggest integer such that there exist k blow-up {x n: r^) n , . . . , (x^, r^) n 
and k sequences (l£) n , . . . , (i2*)„ > satisfying (|230]l . (|2~5Tj) and (12351) . 
From (12.521) . we have B 2 m (xt) n 5 9Rj = 0, for alU / j G {1, . . . , k}. 
We deduce, using (|2.5ip . that 

lim / e Vn dV = — . (2.58) 

7 u , =i B {<) p 



On the other hand, one has 



Ui=lB 2R i 04) 



e Vn dV < [ e Vn dV = 1. (2.59) 



It follows from (l2~58l) and (12391) that fc < [-£-]. 

Let's prove that (|2.53p holds. Suppose, by contradiction, that (|2.53j) doesn't 

hold then there exist a sequence of points (y n ) n and a sequence of positive 

k 

real numbers (s n ) n such that B Sn {y n ) E M\ Bp>^(x l n ), 

i=i 

1 — ► 0, Vt€{l,...,A;} 

|2/n - X l n \ 
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Ib. 



and 

e Vn dV > -. 
'Bs n (y n ) P 

Hence, there exist a sequence of points (x n ) n and a sequence of positive real 

k 

numbers (r n ) n such that B rn (x n ) C M\ B R i (x n ) and 

i=l 

e Vn dV= max / e Vn dV = -. (2.60) 

We claim that — — > where d n = inf |x n — x l n \. 
d n n^+co i£{l,,.,,k} 
T> 

Suppose that — — 0. In this case, we will prove that 

lim / e Vn dV = 0. 



n— >+oo 



This will lead to a contradiction with (|2.60p . Since we assume that — — -/—> 

dn n— >+oo 

0, there exists a constant Cq > such that 

d n >r n > C d n . (2.61) 

We can suppose, up to relabelling the (x l n ) n , that d n = \x n — x n \. Let X\ be 
the set of points such that 

X\ = {(x n ) n ■ ^Ci > such that \x l n — x n \ < Cjd n } . 

Up to relabelling the (x n ) n , i 7^ 1, we can assume that 

X\ = ^(x n ) n , ( x n )m ■ ■ ■ > O^n)"} ' 

with 1 < I < k. Let 

C = max{Ci : i G {1, . . . , I}} . (2.62) 

Thus, we have 

\x n - x l n \ < Cd n , Vi = 1, . . . , I. 

We will consider two cases depending if I = 1 or I > 1. 
Firsi case : / = 1: 

One can check that the hypothesis of Lemma 12.11 hold for R n = R n and 
S n = 8d n - This yields to 

lim / e Vn dV = 0. 



I 

' JB A , (xl 



:5,s 



From ([237)1 .we get that 



lim / e Vn dV = 0. (2.63) 

Since B Tn (x n ) C B^ dn (x} l )\B R i (x*), (|2.63j) implies 

lim / e ""dV = 0. 

This yields to a contradiction with (j2,60p . Therefore we deduce that — — > 

d n n->+oo 

0. 

Second case : I > 1. 

Similarly to (|2.57|) . we see that, for each (x l n ) n , i G {1, . . . , I}, there exists a 
sequence {R l n ) n such that 

RL 

and 



lim / e Vn dV = Q. (2.64) 

n -++ooJ B ( x i n )\B Ri (xi) 

We will apply Lemma 12.21 to sequences (x\) n: . . . ,{x l n ) n . We notice that, 
from (I2.52p . we have, for all i € {1, . . . , I}, 

K ' 0. 



inf \xL — xU n^+oo 

./■*•'•: {I 1} 



Now we claim that there exists a constant C > such that 
/ l f 

VB s (y) C |J £ 16(?dn (4)\ U S flj,(4)> if / e«-dV > ^ 



8=1 i=l 



then s > Cd n (y) = C inf \y - x\\, (2.65) 
ie{i,...,0 

where (5 = max { — , C 1 , C is the constant defined in (|2.62p . Let 



Bs(y)c\jB wddn (x i n )\\jB R , i (x t n ) 
i=i i=i 

be such that / e Vn dV > -. From (I230)l . we deduce that 5 ^ r n ^ Cod n . 

JB s (y) P 

I 

On the other hand, since B s {y) C B lG ^ d {x l n ), we have inf |y — x l n \ < 

i=i " «e{i,...,0 
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lGCdr,. Thus we get that s > — %r inf \y — xL\. Therefore, we can take 

~ 16Cfe{W}' 

C = -4r. So (l2~65l) holds. 
_16C 

Set -D n = max \x l n — xh\- We note that, since C is defined in (|2.62p . we 
have 

Cd n <D n < 2Cd n . (2.66) 

This implies that AD n < 8Cd n . Thus we can apply Lemma 12.21 This yields 
to 

lim f e Vn dV = 0. (2.67) 



n ^+°° M =1 B 23 Jxi)\ul =1 B 2Bi ( x i) 

From (|2,65p and since, from (|2.66p . 8—D n < 16Cd n , reasoning in the same 
way as for obtaining (|2.46p of Lemma 12.21 we have 

lim / e Vn dV = 0. (2.68) 

It follows, from (pUT)) and (l2~68l) . that 

lim / e^dV = 0. (2.69) 



From (I2.66p . we deduce that 



lim / e Vn dV = 0. (2.70) 



Since, by ()2.6ip . r n < d n , we have \x n — x\\ + r n < 2d n < ACd n . Thus we 
deduce that 

I l 

B rn (x n ) C |J B Addn {x\)\ |J £^(4). (2-71) 
i=l i=l 

On the other hand, from (|2.64p . we have, for all i 6 {1, . . . , I}, 

lim / e Vj W = 0. (2.72) 

Combining (f2T70|) . (f2~7T]) and §T72\i , we deduce that 

lim / e Vn dV = 0. 

This yields to a contradiction with (|2.60p . Therefore, we have proved that 

^ — > 0. (2.73) 
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Now, it is easy to see, using (|2.60|) and proceeding as in the proof of Propo- 
sition 12. 3| that (x k+l ) n = (x n ) n and (r k+1 ) n = (r n ) n are a blow-up for 
(v n ) n . Moreover, since ( i x ni v n ^j n is a blow-up, there exists a sequence (bn)n-! 



b n — > +00 arbitrarily slowly such that 



I 

So, by setting 2R k+1 = b n r k+1 , we have 



]i,n / e Vn dV = — . 



Tim / e^dV = — . 

B o , +1 (4 +1 ) P 



71— >QO 



2«n 

From (|2,73p and since (b n ) n , b n — > +00 arbitrarily slowly, we also can 
assume without loss of generality that 



inf - xt\ 

ie{l,...,k} 



0. 



Therefore, the sequences (x\, r\) n: . . . , r^ +1 ) n and {Rn) n , ■•■ , {Rn +1 )n 

satisfy (|2.50p . (|2.5ip and (I2.52p . We obtain, this way, a contradiction with 
the maximality of k. Therefore, there exist k blow-up 

i. x m r n)n? ■ ■ ■ > ( x ni r n)n 

with 1 < k < \—} (where \— 1 stands for the integer part of — ), and there 

~ ~ L 8vr J v L 8vr J 8V 

exist k sequences (Rl) n , {R k n ) n > satisfying ([230]) . (I23TD and (p32l) . 

If /c = 1, then, thanks to (|2.50p . (|2.5ip and (|2.52p . the hypothesis of Lemma 

12.11 for x n = xh, R n = Rl and S > a real number such that M C Bsix^) 

2 

hold. Thus, we have 

lim / e Vn dV = 0. 



n— >oo 



This establishes Theorem IU.5I in the case k = 1 . 

If fc > 1, then, thanks to (f230j) . (f2~3T]) and (f2~52|) . the hypothesis of Lemma 
2.31 hold. Hence, we obtain that 

lim / e Vn dV = 0. 



This concludes the proof of Theorem 10.51 

3 Convergence of the flow. 

This section is devoted to the proof of Theorems 10.21 10.31 and [0T 



41 



3.1 Proof of Theorem I0T21 

In this subsection, we will prove Theorem 10.21 Let v : M x [0, +oo) — > M be 
the global solution of (|0.4p . In all this subsection, we will assume without 

loss of generality that / e v ^dV = 1, Vi > 0. In the following, C will denote 
JM 

constants not depending on t. 

In order to prove Theorem 10.21 we need to bound uniformly \\v (t)\\ff2^\, 
t > 0, in time. For this, we will first bound ||i>(i)||#-i(jw)) t > 0, uniformly 
in time. To bound 11^(^)11^1(^)1 we wm use the compactness Corollary 10.11 
More precisely, by using Corollary 10.11 we will first prove that there exists a 
sequence (t n ) n , t n — > +oo, such that 

\\v(tn)\\ H 2 (M) <C, Vn> 0. 
Therefore we aim to prove that there exists a sequence (t n ) n , t n — > +oo, 

n— >+oo 

dv 

such that, setting v n = v{t n ) and h n = —-Q^(t n ), the sequence (v n ) n C 

H 2 (M) satisfies conditions fl08|) of Corollary ED First, we show that there 
exists a sequence (tn^)nj in — ^ "Foo, such that f|0.8p (ii) is satisfied for 

n— >+oo 

v n = v(t n ). We recall that, for all T > 0, 
JM 



{^je^dVdt = J p ( w (0)) - J>(T)). 



Using hypothesis (|3.5p . we deduce that there exists ql sequence {tn)n such 
that n <t n < n + 1, for all n E N, and 

lim / |^M|2 e «(*n) dy = . (3.x) 

n-++ooJ M dt 

The following proposition shows that conditions (|0.8p (i) of Corollary 10.11 is 
satisfied. 



Proposition 3.1. We have 

Q & v(x,t) 



dt 

Proof. We set 



+ pe v{x ' t] > -C, Vt > and x G M. (3.2) 



i?(x, i) = e~ v ^ (-Av(x, t) + Q{x)) . 
We can rewrite the equation (|0,4I) satisfied by v in the following way 

dv(x, t) 



Ot 



(R{x,t)-p). 
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Hence 

= R(x, t) (R(x, t)-p) + e- v ^AR{x, t). 



dt 

Set Rxain (t) = min R (x, t). Using the maximum principle, we find 

9Rmm(t) 

-Q t > -pR m in{t). 

Integrating between and t, we have 

Rmm(t) > exp(-pt) R mill (0). 

This implies that 

> -\R mi n(0)\exp(-pt + v(x,t)). (3.3) 
Set v max (t) = maxf (x,t). By the maximum principle, we have 

Integrating between and t, we get 

e w<0-* < e w(0) + I ||Q|| Loo(M) _ I ||Q|| LOC(M) e-"* < C. (3.4) 

Combining (|3.3p and (|3.4p . we finally obtain 

a„v(x,t) 

^— + > -C |i? mi n (0)| > -C. 

□ 

We are now in position to bound t > 0, uniformly in time. 

Proposition 3.2. Lei p G (8/cvr,8(£; + l)vr), I; £ N* and u(t) : M — )• M 6e 
i/ie solution of ()0.4p . Suppose that 

J P {v{t)) > -C, V* > 0. (3.5) 

TTien u/e /iawe 

<C, Vt>0. (3.6) 
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Proof. Thanks to (I3.ip and (|3.2p , by using Corollary 10, 1| there exists a con- 
stant C > such that 

\Htn)\\ H 2 [M) < C, 

where (t n ) n is the sequence defined in (|3.ip . By Sobolev's embedding Theo- 
rem, it follows that ||'tf(tn)]lr , "fMi — C, Va G (0, 1). Since i n — > +oo, for 
all i > large enough, there exists n G N such that t n < t < t n+ \. Moreover, 
since — t n \ < 2, we have \t — t n \ < 2. We claim that, for all p > 1, 

/ e^W < C, Vt > 0. (3.7) 

Since satisfies (|0.4p . integrating by parts and using Young's inequality, 
we see that 

|- / e p ^'W = -p(p-l) / |Vv(t)| 2 e (p - lWt W-p / Qe (p - 1),;W dF 

JAf JA/ Vm 

+ p- f e pv(t) dV 
a Jm 

< C I e {p - l)v{t) dV +p^ [ e pv{£) dV 

Jm a Jm 

< C + C [ e pv{t) dV. 

Jm 

Setting y(t) = / e pv ^dV and integrating the previous inequality between 
Jm 

t n and t, it follows that 

y(t) < e^-^yitn) + C ( e c ('-M - l) . 

Since ||^(in)Hc a (M) < C, a G (0,1), and \t — t n \ < 2, we have that (|3.7p is 
satisfied. Let's fix t > and set 

M £ = \x G M : e 1 ^'*) < e} , 

where e > is a real number which will be determined later. We have 

1= f e v ®dV = [ e v ®dV + [ e v ®dV 
Jm Jm £ Jm\m e 

< e\M £ \ + \M\M e \ l ~p (J e pv ^dV^j " . (3.8) 
Taking e = an d from (|3.7p . we deduce that 
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Since p > 1, we get that 



We set A = M\M £ . By definition of A, we have 



v(t)dV > In ( -4-,. 
A ~ V2IMI 



(3.9) 



(3.10) 



On the other hand, we have 



>(t)dV< / e v 
J A 



®dV < 1. 



We deduce from the previous inequality and (|3.10p that there exists a con- 
stant C such that 



v(t)dV 



< C. 



(3-11) 



From (|3.9p and (|3.1ip . arguing the same way as in Proposition [T21 we deduce 
that, for all t > 0, 

IKi)|lHi ( M)<C 

□ 



Proof of Theorem \0.2[ First, let us prove that 

f (Av(t)) 2 dV <C,Wt> 0. 
Jm 

We follow Brendle [3 J arguments. We set 

dv(t) 



V(t) 



at 



and 



T 



JM 



t— >+oo 
2 



y (t)= / F 2 (t)e u WdV. 

JM 

0. By (|3"Up . we have, for all T > 0, 



We claim that y(i) 

\ 3 <t)dVdt < J p (v(0)) - J p (v(T)) < C, 



Ot 



(3.12) 



(3.13) 



where C is a constant not depending on T. Let e be some positive real 
number. From (|3.13p . we deduce that there exists to > such that y(to) < e. 
We want to prove that 

y(t) < 3e, \/t>t . 



45 



Otherwise, we define 

ti = inf { t > t : y(t) > 3e} < +00. 

This implies that 

yit) < 3e, Vt <t< t x . (3.14) 
Since ^ = e~ v ^ (Av(t) - Q) + p, we arrive, by using (|3.14p . at 

f e~ v ® (Av(t) - Qf dV = y(t) + p 2 < C u Vi < t < h, (3.15) 
Jm 

where, in the following, C\ will denote constant depending on e and thus on 
t%. From (|3.7p . we have, for all t > 0, 

/ e 3 ^W < C, (3.16) 

where, in the following, C will denote constant not depending on t\. Using 
Holder's inequality, (|3.15p and (|3.16p . we obtain, Vto < t < t\, 



3 1 

\Av(t) - Q|§ dV < ( f e~ v ® (Av(t) - Q) 2 dV) ( [ e 3v{t) dV^ ' 

M \Jm J \Jm 

< C u 

thus, Vto <t<ti, one has / \Av (t) \ 2 dV < Cx- From Sobolev's embedding 

./a/ 

Theorem, we get that 

\v{t)\ < Ci, Vt < t < h. (3.17) 
<9f (t) 

On the other hand, we see that V(t) = — - — satisfies 

v ' dt 

= -V(t)e~ v{t) Av(t) + e- vit) AV(t) + QV(t)e- vit l (3.18) 

Now using (|3,18p . we have, for all to <t<ti, 

dy{t) 
dt 

= 2 

+ / V 3 (t)e v ®dV 

Integrating by parts, we obtain 
dy(t) 



V(t)e v(t) (e~ v ^AV(t) - V{t)e~ v{t) Av{t) + QV{t)e~ v ^ dV 



Of 



2/ \VV(t)\ 2 dV-[ V 3 (t)e v{t) dV+2p I V 2 (t)e v ®dV. (3.19) 

JM JM JM 
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Using Gagliardo-Nirenberg's inequality, we get 

where the norms are taken with respect to the metric g\ (t) = e v ®g. From 
(|3. 17p . we notice that the first eigenvalue of the laplacian \i(t) with respect 
to the metric gi{t) satisfies, Vio <t<ti, 

Ai(t) > Ci. (3.20) 

From the fact that / Ve v dV = 0, Poincare's inequality and (|3,2t)p . we have 
JM 

[ e v \V\ 3 dV < Ci ( f V 2 e v dV)([ \VV\ 2 dV) . (3.21) 
Jm \Jm ) \Jm ) 

Thus we obtain, from (|3,19p . (|3.21|) and Young's inequality, 



Q / , 



at 

i.e. 



V 2 e v dV < Ci / V 2 e v dV + C / V 2 e v dV 



l 

M J \JM J \JM 



(/ 

\JM 



^- t y(t)<C iy 2 (t) + Cy(t). 



Since y(to) < e and = 3e. we find 



rti 

2e < y(t x ) - y(t ) < (Ci + C) / y(t)dt. 



to 
+oo 



r+oo 

Choosing to large enough, we have (Ci + C) / y{t)dt < e, and thus we 



obtain a contradiction. We conclude that 



y(t) —> 0. 

t— >+oo 



Thereby, ii = +oo. This implies that all estimates we previously got, hold 
for all t > 0. Thus, we have, for all t > 0, |f(£)| < C, and 

/ e-^(At;(i) -Q) 2 (fy < C. 

It follows that, for all t > 0, / (Av(t)) 2 <iy < C. Thus, using ([321), we 

Jm 

have, for all i > 0, ||w(t)|| H 2(^ < C. Therefore, there exist a function 
v oo £ H 2 (M) and a sequence (t n ) n , t n — )• +oo such that 

■y(^n) — ► ^oo weakly in H 2 (M), 

n— >+oo 
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and 

v{t n ) — > Voo in C a (M), a G (0,1). 



It is easy to check that Voq is a solution to 

-Avoo + Q = p- 



J M e^dV 

and, by boothstrap regularity arguments, we have Voq G C°°(M). To obtain 
(>•</„.) -Ar x r\7V - / I -(r'- - r r "">) + — — I 



that ||u(t n ) — Vqo 1 1 ^2 — >■ 0, we just notice that 



M 



I m \ a dt 

< CJ (e v °° - e v( - tn A 2 dV + C [ 



— it } 2 
dt {tn ' 



— > 0. 

n— >+oo 



Since the flow is a gradient flow for the functional J p which is real analytic, 
from a general result of Simon [27], we finally obtain that 

\\vit)-v^\\ H2{M) ^J. 
3.2 Proof of Theorem f073l 

We will prove the existence of an initial data vq G C°° (M) for the flow (|0.4p 
such that the functional J p (v(t)), t > 0, is uniformly bounded from below. 
From standard parabolic theory, it is easy to see that if vq £ C°°(M) then 
the solution v of (|0.4p belongs to C°°(M x [0, +oo)). Let X be the space of 
functions C°°(M) endowed with the ||-Hc2+ a (An norm an d 



X x[0, +oo) — >■ C°°(M x [0,+oo) 
Jv ,t )— > ${v,t) 

where &(v,t) is a solution of 

\ *(v,0) = u. 
Suppose that, Vi> G X, we have 

J p (*(«,*)) — > -oo. (3.22) 

t— >+oo 

Let L > 0. Using (|3,22|) . we will prove that Jp( v ) < — ^} i s con " 

tractible. But following the same arguments as in Malchiodi [23], one can 
prove that there exists L% > such that {v £ X : J p (v) < — L\} is not con- 
tractible. Let us prove that if (|3,22p is satisfied then {v £ X : J p (v) < —L} 
is contractible. We proceed in two steps. 
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Step 1. Let L > be fixed and 

T v = inf {t > 0, J p t)) < —L) , 

. m f C 2+a (M) — ► R . 
men me function 1 : < ^ continuous. 

\ v — >■ T„ 

Proof of Step 1. From (|3.22|) . we have 

{i^O, J p ($(u,i)) < -L}/0, 

and, from the uniqueness of solutions of (j0.4|) having same initial data, one 
can prove that J p (<&(i>, t)) is strictly decreasing on [0, +oo). Let v G C°°(M) 
and (v n ) n G C°°(Af) be a sequence such that v n — > v in C 2+a (M), we 

n— >+oo 

claim that T v — > Ty. To prove this, we will consider two cases depending 

n— >+oo 

on the value of J p {v). 

First case. Suppose that J p (v) < —L. Since the function t — > JJ&(v,t)) is 
decreasing, we have J„($(y,t)) < —L for all t > 0. We deduce that Ty = 0. 
Since v n — > v in C 2+a (M), it is easy to see that 

n— >+oo 

</ P M — > J p (v). 

n— >+oo 

Thus, there exists no G N such that J p {v n ) < — L for all n > no- So we 
obtain that T Un = = T v for all n > no- This implies that 

7 1 j. T 1 - 

-t u n ± v ■ 

Second case. Suppose that Jp(u) > —L. In this case, Ty verifies J p (&(v, Ty)) = 
—L. Setting T n := T Vn and supposing that T n does not converge to T v , then, 
up to extracting a sub-sequence, there exists £o > such that \T n — T v \ > £q. 
So we have T n > Eq + Ty or T n < —£q + T v . Suppose, without loss of 
generality, that 

T n >e + T v . (3.23) 

Set T = Ty + e + 1. Since v n — ► v in C 2+a (M), by Proposition Ol it is 
easy to see that 

J p (*{v n ,t)) — » Jp($(M)), (3.24) 

n— »+oo 

for all i fixed in [0,T]. Since £ — >■ J p ($(?;, i)) is strictly decreasing, we have 

«i = J p ($(v, r e )) - J p (*(v, r c + e )) > o. 

From ()3.24p , we get, since T v + Eq G [0, T], 

Jp(Q(v ni T € + e Q )) — > J p ($(i; ) T + £o)) = -^-ai 
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and from (|3.23p . 



J p (${v n ,T n )) < J p ($(w n ,T B + e )), 

this implies that, if n tends to +00, —L < —L — cti, thus we obtain a 
contradiction. 

Step 2. 7f (|3.22p holds, then the set {v £ X : J p (v) ?S — L} is contractible. 

Proof of Step 2. We will construct a deformation retract from {v G X} into 
<^p(' u ) ^ — £}• Since {u G X} is contractible, then {v € X : J p (v) - 
will also be contractible. We denote by /i the one-to-one function defined by 

h{t): [0,1) — > [0,+oo) 



and by 77(1;, i) : X x [0, 1] — > X the function defined by 

T)(v,t) = 



$(v,h(t)) if h(t) < H 
*(w,T„) if h(t)^T v . 

In a first time, let us prove that 77 = $ o $1 : X x [0, 1) J is continuous 
where $i:Ix[0,l)->Ix[0, +00) is the function defined by 



(u,T„) if h(t)>T v . 



From Step HI $1 : 1 x [0,1) X x [0, +00) is a continuous function. 
Therefore, to prove that 77 is a continuous application from X x [0, 1) —> X, it 
is sufficient to prove that, for T > fixed, $ : X x [0, T] — > X is continuous. 
Let (v n ,t n ) G C°°(M) x [0,T] such that u n — ► v in C 2+a (M), where 

n— >+oo 

v G C°°(M) and t„ — > t G [0,T]. Then, we have 

n— >+oo 

||$(u„,t„) - $(*M)||c2+«(M) ^ l|*(«n>*n) - H v n,t)\\c2+ a ( M ) 

+ ||*K,*)-*(«,*)|loa+-(Jif) ( 3 - 25 ) 

Since $(v n , .) G C°°(M x [0,T]), we get, from Theorem lOTl that, for all 
tG[0,T], 

d$(v n ,t) 



dt 



<C T , 

C 2 + a {M) 

where, in the following, Ct denotes a constant not depending on n. We 
deduce that 



*(u„,i„) - <5>{v n ,t)\\ C 2+ a{M) 



< tin 



t\ max 

se[t„,t] 



C 2+a (M) 

d<f>(v n ,s) 



ds 



0. 



C 2 +«(M) 



(3.26) 
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On the other hand, using Proposition 11.41 we have, for all t G [0,T], 

\\®(v n ,t) - $(u,i)|| C 2+c<( M ) < Or \\v n - w|| C 2+a (M) n ^> Q °- ( 3 - 27 ) 
Combining (pl25]) , (f3~26|) and (ET2D) . we find that 

-$(M)llcfl+«*(Af) — > 0. 

Thus 77 is continuous from X x [0, 1) — > X. It remains to prove that it is 
continuous on X x [0, 1]. Let (v n , t n ) G C°°(M) x [0, 1] such that v n — > v 

n— >+oo 

in C 2+Q (M), where v G C°°(M), and t n — > 1. From Step (TJ we have 

71— >-+0O 

XL = T n — )• T{;. Since T n is finite and t n — > 1, it follows that 

71— >+oo ' n— >+oo 

M^n) — >■ +00, so, for n large enough, h{t n ) > T„ and thus rj(v n ,t n ) = 

n— >+oo 

$(v n ,T ri ). We have, in the same way as (|3.26p and (|3.27p . that 



\\r]{v n ,t n ) - rj(v,l)\\ C 2+ a{M) = ||$(u n ,T n ) - $(v,T s )|| C 2H 



l (M) 



v ' K ' n— ¥-\-oo 

Therefore rj is continuous from X x [0, 1] — > X. Now, it is easy to check that 
77 is a deformation retract from X into {dGX: <^p(^) ^ — L}. Therefore, we 
deduce that {v £ X : J p ^ —L} is contractible. 

3.3 Non-convergence of the flow: proof of Theorem 10.41 

To prove Theorem 10, 4| it is sufficient to prove that there exists a real num- 
ber C > depending on M, Q and p such that Vt>o G C 2+a (M) satisfying 
Jp(vo) < — C, then the solution v(t) of flow (|0,4p . with v(x,0) = fo(^), for 
all a; € M, satisfies 

t— >-+oo 

We recall (see Li |20j ) that there exists a constant Co > depending on 
M, Q and p such that, for any solution w G C 2+Q (M), a G (0, 1), of 

pe w 

- A » + « = 7^=5P 

then 

II ^ 1 1 c 2 +«(M) — ^0- (3.28) 
Since J p (v(t)) is decreasing, if lim J p (v(t)) 7^—00 then there exists LgR 

£— >+oo 

such that 

Jp(v(t)) >L,Vt£ [0,+oo). 
From Theorem 10.21 there exists a function G C°° (M) such that 



Ht) - v^\\ H2{M) — > 
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and Voo £ C°°{M) is a solution of 

oe v °° 

- A "~ + 0= J^kn7- (3 - 29) 

It follows that 

|| w oo|lc 2 +a(M) — ^Oj 

where Cq is the constant defined in (|3.28p . This implies that there exists a 
constant C depending on M, Q, p and Cq such that 

J(^oo) > ~C. 

Since J p (v{t\)) < Jpivfa)), for all t\ > £2, we have 

Jp(vo) > Jp{Voo) > -C. 
But, by hypothesis, J p (vq) < —C, choosing C > C, we get a contradiction. 
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